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Abstract. We show how to explicitly compute the homogenised curvature energy appearing in the isotropic Γ-limit for flat
and for curved initial configuration Cosserat shell models, when a parental three-dimensional minimisation problem on

Ω ⊂ R
3 for a Cosserat energy based on the second-order dislocation density tensor α := R

T
CurlR ∈ R

3×3, R ∈ SO(3) is
used.
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1. Introduction

The Cosserat theory introduced by the Cosserat brothers in 1909 [13,15] represents a generalisation of the
elasticity theory. While the elasticity theory models each constituent particle of the body as a material
point, i.e. it is able to model only the translation of each particle through the classical deformation ϕ : Ω ⊂
R

3 → R
3, the Cosserat theory models the micro-rotation of each particle attaching to each material point

an independent triad of orthogonal directors, the microrotation R : Ω ⊂ R
3 → SO(3). Invariance of the

energy under superposed rigid body motions (left invariance under SO(3)) allowed them to conclude the
suitable form of the energy density as W = W (U,K), where U := R

T
Dϕ is the first Cosserat deformation

tensor and K := (R
T
∂x1R,R

T
∂x2R,R

T
∂x3R) is the second Cosserat deformation tensor. The Cosserat

brothers never considered specific forms of the elastic energy, and they never linearised their model to
obtain the well-known linear Cosserat (micropolar) model [26]. In the present paper, we only consider

http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-024-02415-4&domain=pdf
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isotropic material, i.e. the behaviour of the elastic material is modelled with the help of an additionally
right-invariant energy under SO(3). In addition, we will consider quadratic energies in suitable strains (a
physically linear dependence of the stress tensor and of the couple stress tensor on the strain measures)
which allows an explicit and practical [30,41] representation of the energy.

In [40], we have provided a nonlinear membrane-like Cosserat shell model on a curved reference con-
figuration starting from a geometrically nonlinear, physically linear three-dimensional isotropic Cosserat
model. Beside the change of metric, the obtained membrane-like Cosserat shell model [40] is still capable
to capture the transverse shear deformation and the Cosserat curvature due to remaining Cosserat effects.
The Cosserat shell model presented in [40] for curved initial configuration generalises the Cosserat shell
model constructed in [33] for flat initial configurations. There are many different ways to mathemati-
cally model shells [28], e.g. the derivation approach [20–24,31,32], the intrinsic approach [1,2,27], the
asymptotic method, the direct approach[3–6,8–11,15,18,25,27,39]). However, Γ-convergence methods are
preferred in the mathematical community.

When the Cosserat parental three-dimensional energy is considered, in the deduction of the Gamma-
limit for the curved initial configuration we have to construct four homogenised energies, while in the
expression of the Gamma-limit will appear only two: the homogenised membrane energy and the ho-
mogenised curvature energy. In the deduction of the Gamma-limit in [40], we have explicitly stated the
form of the homogenised membrane energy, while the explicit form of the homogenised curvature energy
was only announced and we have used only some implicit properties (its continuity, convexity, etc.). The
same was done in the deduction of the Gamma-limit for a flat initial configuration in [33] (we notice that
another form of the Cosserat curvature energy was considered) and no explicit form of the homogenised
curvature energy could be given. In [40], we have announced the form of the homogenised curvature
energy without giving details about its deduction. Therefore, this is the main aim of this paper, i.e. to
provide the solutions of all optimisation problems needed for having an explicit approach of Cosserat
shell model for flat (Sect. 3) and curved (Sect. 4) initial configurations via the Gamma-limit. The sec-
ond goal is to point out the advantages, at least from a computation point of view, of the usage of the
curvature strain tensor α := R

T
CurlR in the parental three-dimensional Cosserat curvature energy, in-

stead of other curvature strain tensors considered in literature. We mention that, even if α is controlled
by ̂K :=

(

R
T
D(R.e1), RT D(R.e2), RT D(R.e3)

)

∈ R
3×9 used in [31,33], an explicit expression via Γ-

convergence of the homogenisation of the quadratic curvature energy in terms of the third-order tensor ̂K

is missing in the literature, even for flat initial configuration. In fact, it turned out that ̂K is frame indiffer-
ent but not itself isotropic, a fact which makes it unsuitable to be used in an isotropic model. Beside these
advantages of the usage of the second-order dislocation density tensor α, there is a one-two-one relation
between α and the so-called wryness tensor Γ :=

(

axl(R
T

∂x1R) | axl(R
T

∂x2R) | axl(R
T

∂x3R)
)

∈ R
3×3

(second-order Cosserat deformation tensor [15], a Lagrangian strain measure for curvature orientation
change[16]). This property is not shared with ̂K and K. We show that considering K is equivalent to a
particular choice of the constitutive coefficients in a model in which α is used and, therefore, the for-
mulas determined for the homogenised quadratic curvature energy via Gamma convergence are valid for
parental isotropic three-dimensional energies which are quadratic in K, too. However, the general form
of a quadratic isotropic energy has a more complicated form in terms of K in comparison with the case
when we express it in terms of α, see Sect. 2.3. Therefore, from a computational point of view it is more
convenient to consider α in a isotropic Cosserat model. Moreover, using [35] (see Sect. 2.3), we have
that α controls K in L2(Ω,R3×3×3) which controls ̂K in L2(Ω,R3×3×3) which controls α in L2(Ω,R3×3).
Therefore, a positive definite quadratic form in terms of one of the three variants of appropriate curvature
tensors is energetically controlled by each of the three Cosserat curvature tensors. This is why when the
problem of existence of the solution or other similar qualitative results are considered, the form of the
used Cosserat curvature strain tensor is irrelevant, in the sense that if such a result is obtained for a



ZAMP Explicit formula for the Γ-convergence... Page 3 of 27 76

Cosserat curvature quadratic in Cosserat curvature strain tensor, then it may be immediately extended
for Cosserat curvature quadratic energies in the other two Cosserat curvature strain tensor considered in
the present paper. However, the usage of the Cosserat curvature strain tensor α has two main advantages:

• A quadratic isotropic energy in terms of the wryness tensor Γ is rewritten in a transparent and
explicit form as a quadratic energy in terms of dislocation density tensor α (and vice versa), see
Sect. 2.3;

• The expression of a quadratic isotropic energy in terms of the wryness tensor Γ is very simple and
suitable for analytical computations, see Sect. 2.3;

• It admits the explicit analytical calculation of the homogenised quadratic curvature energies in the
construction of the Cosserat shell model via Γ-convergence method, see Sects. 3 and 4.

2. Three-dimensional geometrical nonlinear and physical linear Cosserat models

2.1. General notation

Before continuing, let us introduce the notation we will use or have already used in Sect. 1 and in abstract.
We denote by R

m×n, n,m ∈ N, the set of real m × n second-order tensors, written with capital letters.
We adopt the usual abbreviations of Lie-group theory, i.e. GL(n) = {X ∈ R

n×n |det(X) �= 0} the general
linear group, SL(n) = {X ∈ GL(n) |det(X) = 1}, O(n) = {X ∈ GL(n) | XT X = 1n}, SO(n) = {X ∈
GL(n)|XT X = 1n,det(X) = 1} with corresponding Lie-algebras so(n) = {X ∈ R

n×n |XT = −X} of
skew-symmetric tensors and sl(n) = {X ∈ R

n×n |tr(X) = 0} of traceless tensors. Here, for a, b ∈ R
n we

let
〈

a, b
〉

Rn denote the scalar product on R
n with associated

(squared)
vector norm ‖a‖2

Rn =
〈

a, a
〉

Rn . The standard Euclidean scalar product on R
n×n is given by

〈

X,Y
〉

Rn×n = tr(XY T ), and thus, the
(squared)
Frobenius tensor norm is ‖X‖2 =

〈

X,X
〉

Rn×n . In the following, we omit the index R
n,Rn×n. The

identity tensor on R
n×n will be denoted by 1n, so that tr(X) =

〈

X,1n

〉

. We let Sym(n) and Sym+(n)
denote the symmetric and positive definite symmetric tensors, respectively. For all X ∈ R

3×3 we set
sym X = 1

2 (XT + X) ∈ Sym(3), skew X = 1
2 (X − XT ) ∈ so(3) and the deviatoric part dev X =

X − 1
n tr(X)1n ∈ sl(n) and we have the orthogonal Cartan decomposition of the Lie-algebra gl(3) =

{sl(3)∩Sym(3)}⊕so(3)⊕R·13, X = dev sym X+skew X+ 1
3 tr(X)13 .We use the canonical identification of

R
3 with so(3), and, forA =

⎛

⎝

0 −a3 a2

a3 0 −a1

−a2 a1 0

⎞

⎠ ∈ so(3) we consider the operators axl : so(3) → R
3 and anti :

R
3 → so(3) through axlA := (a1, a2, a3)

T
, A. v = (axl A)×v, (anti(v))ij = −εijk vk ∀ v ∈ R

3, (axl A)k =
− 1

2 εijkAij = 1
2 εkijAji , Aij = −εijk (axlA)k =: anti(axl A)ij , where εijk is the totally antisymmetric

third-order permutation tensor. For X ∈ GL(n), Adj(X) denotes the tensor of transposed cofactors, while
the (i, j) entry of the cofactor is the (i, j)-minor times a sign factor. Here, given z1, z2, z3 ∈ R

n×k, the no-
tation (z1 | z2 | z3) means a matrix Z ∈ R

n×3k obtained by taking z1, z2, z3 as block matrices. A third-order
tensor A = (Aijk) ∈ R

3×3×3 will be replaced with an equivalent object, by reordering its components in
a R

3×9 matrix A ≡ (A1 |A2 |A3) ∈ R
3×9, Ak := (Aijk)ij = A. ek ∈ R

3×3, k = 1, 2, 3, and we consider
symA =

(

sym A1 | sym A2, | sym A3

) ∈ R
3×9, skewA =

(

skewA1 | skewA2 | skewA3

) ∈ R
3×9, tr(A) =

tr(A1) + tr(A2) + tr(A3). Moreover, we define the products of a second-order tensor B = (Bij)ij ∈ R
3×3

and a third-order tensor A = (A1 |A2 |A3) ∈ R
3×9 in a natural way as B A = (B A1 |B A2 |B A3) ∈ R

3×9,
AB =
( ∑3

k=1 Ak Bk1 | ∑3
k=1 Ak Bk2 | ∑3

k=1 Ak Bk3

) ∈ R
3×9. Let us remark that for B = (Bij)ij ∈ GL+(3)
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having the inverse B = (Bij)ij and A,C ∈ R
3×9 the following equivalences hold true AB = C ⇔

∑3
k=1 Ak Bkl = Cl ⇔ ∑3

l=1(B
lm

∑3
k=1 Ak Bkl) =

∑3
l=1 Cl Blm ⇔ A = C B−1. We define the

norm of a third-order tensor A = (A1 |A2 |A3) ∈ R
3×9 by ‖A‖2 =

∑3
k=1 ‖Ak‖2. For A1, A2, A3 ∈

so(3), we define axl A = (axl A1 | axl A2 | axl A3) ∈ R
3×3, while for z = (z1 | z2 | z3) ∈ R

3×3 we define
anti z = (anti z1 | anti z2 | anti z3) ∈ R

3×9. For a given matrix M ∈ R
2×2, we define the lifted quantity

M � =

⎛

⎝

M11 M12 0
M21 M22 0
0 0 0

⎞

⎠ ∈ R
3×3.

Let Ω be an open domain of R
3. The usual Lebesgue spaces of square integrable functions, vector

or tensor fields on Ω with values in R, R3 or R
3×3, respectively, will be denoted by L2(Ω). Moreover,

we introduce the standard Sobolev spaces H1(Ω) = {u ∈ L2(Ω) |D u ∈ L2(Ω)}, H(curl; Ω) = {v ∈
L2(Ω) | curl v ∈ L2(Ω)} of functions u or vector fields v, respectively. For vector fields u = (u1, u2, u3)
with ui ∈ H1(Ω), i = 1, 2, 3, we define D u := (Du1 |D u2 |D u3)

T
, while for tensor fields P with rows in

H(curl; Ω), i.e. P =
(

PT .e1 |PT .e2 |PT .e3

)T with (PT .ei)T ∈ H(curl ; Ω), i = 1, 2, 3, we define CurlP :=
(

curl (PT .e1)T | curl (PT .e2)T | curl (PT e3)T
)T

. The corresponding Sobolev spaces will be denoted by
H1(Ω) and H1(Curl; Ω), respectively. We will use the notations: Dξ, Dx, Curlξ, Curlx, etc. to indicate the
variables for which these quantities are calculated.

2.2. Geometrical nonlinear and physically linear Cosserat elastic 3D models

We consider an elastic material which in its reference configuration fills the three-dimensional domain
Ω ⊂ R

3. In the Cosserat theory, each point of the reference body is endowed with three independent
orthogonal directors, i.e. with a matrix field R : Ω → SO(3) called the microrotation tensor. Let us remark
that while the tensor polar(Dϕ) ∈ SO(3) of the polar decomposition of F := Dϕ = polar(Dϕ)

√

(Dϕ)T Dϕ

is not independent of ϕ [7,36,37], the tensor R in the Cosserat theory is independent of Dϕ. In other words,
in general, R �= polar(Dϕ). In geometrical nonlinear and physically linear Cosserat elastic 3D models,
the deformation ϕ and the microrotation R are the solutions of the following nonlinear minimisation
problems on Ω:

I(ϕ,F,R, ∂xi
R) =

∫

Ω

[

Wstrain(F,R) + WCosserat−curv(R, ∂xi
R)

]

dV �→ min . w.r.t (ϕ,R), (2.1)

where F = Dϕ represents the deformation gradient, Wstrain(F,R) is the strain energy, WCosserat−curv

(R, ∂xi
R) is the Cosserat curvature (bending) energy and and dV denotes the volume element in the

Ω-configuration. For simplicity of exposition, we consider that the external loadings are not present and
we have only Dirichlet-type boundary conditions for ϕ.

In this paper, the strain energy is considered to be a general isotropic quadratic energy (physically
linear) in terms of the non-symmetric Biot-type stretch tensor U : = R

T
F ∈ R

3×3 (the first Cosserat
deformation tensor), i.e.

Wstrain(F,R) = Wmp(U) := μ ‖dev sym(U − 13)‖2 + μc ‖skew(U − 13)‖2 +
κ

2
[tr(sym(U − 13))]2 , (2.2)
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while the Cosserat curvature (bending) energy WCosserat−curv(R, ∂xi
R) is considered to be isotropic in

terms of R and quadratic in the following curvature strain candidates

K := R
T
DR =

(

R
T
∂x1R,R

T
∂x1R,R

T
∂x1R

)

∈ R
3×9,

̂K :=
(

R
T
D(R.e1), RT D(R.e2), RT D(R.e3)

) ∈ R
3×9,

α : = R
T

CurlR ∈ R
3×3 (the second-order dislocation density tensor [36]) ,

Γ :=
(

axl(R
T

∂x1R) | axl(R
T

∂x2R) | axl(R
T

∂x3R)
)

∈ R
3×3 (thewrynesstensor). (2.3)

The second-order Cosserat deformation tensor Γ (the wryness tensor) was considered as a Lagrangian
strain measure for curvature orientation change [16]) since the introduction of the Cosserat model [15], the
second-order dislocation density tensor α is in a direct relation to the wryness tensor via Nye’s formulas
and energetically controls K (see [29,35]), the tensor K represents a first impulse choice while ̂K is an
ad hoc choice which is not suitable for an isotropic quadratic curvature energy. Let us notice that all
the mentioned curvature tensors are frame indifferent by definition, i.e. they remain invariant after the
change R → Q R, with Q ∈ SO(3) constant. In addition, Γ, α and K are isotropic, property which are is
shared with ̂K.

The suitable form of the isotropic Cosserat curvature energy is discussed in Sect. 2.3. However, let us
already announce that from our point of view, the most suitable expression for analytical computations
of the general isotropic energy quadratic in R is

WCosserat−curv(R, ∂xi
R) = Wcurv(α) := μ L2

c

(

b1 ‖sym α‖2 + b2 ‖skew α‖2 +
b3

4
[tr(α)]2

)

= μ L2
c

(

b1 ‖sym Γ‖2 + b2 ‖skew Γ‖2 + b3 [tr(Γ)]2
)

. (2.4)

The parameters μ and λ are the elasticity Lamé-type1 constants, κ =
2μ + 3λ

3
is the infinitesimal

bulk modulus, μc > 0 is the Cosserat couple modulus and Lc > 0 is the internal length and responsible
for size effects in the sense that smaller samples are relatively stiffer than larger samples. If not stated
otherwise, we assume, here, that μ > 0, κ > 0, μc > 0. The Cosserat couple modulus μc controls the
deviation of the microrotation R from the continuum rotation polar(Dϕ) in the polar decomposition of
Dϕ = polar(Dϕ) ·

√

DϕT Dϕ. For μc → ∞, the constraint R = polar(Dϕ) is generated and the model
would turn into a Toupin couple stress model. We also assume that b1 > 0, b2 > 0 and b3 > 0, which
assures the coercivity and convexity of the curvature energy [33].

2.3. More on Cosserat curvature strain measures

2.3.1. The curvature tensor K = R
T
DR ∈ R

3×9. A first choice for a curvature strain tensor is the
third-order elastic Cosserat curvature tensor [12–15]

K :=R
T
D R = R

T
(∂x1R | ∂x2R | ∂x3R) = (R

T
∂x1R |RT

∂x2R |RT
∂x3R) ∈ R

3×9, (2.5)

1In the sense that if Cosserat effects are ignored, μ and λ are the Lamé coefficients of classical isotropic elasticity.



76 Page 6 of 27 M. M. Saem et al. ZAMP

and the curvature energy given by observing that ˜Wcurv(K) := a1 ‖K‖2 . This one-parameter choice is
motivated [19] by K ≡ skewK, since R

T
∂xi

R ∈ so(3), i = 1, 2, 3, and

symK =
(

sym(R
T
∂x1R) | sym(R

T
∂x2R) | sym(R

T
∂x3R)

)

= (03 | 03 | 03),

trK = tr(R
T
∂x1R) + tr(R

T
∂x2R) + tr(R

T
∂x3R) = 0,

skewK =
(

skew(R
T
∂x1R) | skew(R

T
∂x2R) | skew(R

T
∂x3R)

)

. (2.6)

However, this is not the most general form of a quadratic isotropic energy in R as will be seen later.

The third-order tensor K =
(

R
T
∂x1R |RT

∂x2R |RT
∂x3R

)

∈ R
3×9 is usually replaced by the wryness

tensor Γ =
(

axl(R
T
∂x1R) | axl(R

T
∂x2R) | axl(R

T
∂x3R)

)

, since we have the one-to-one relations

K = anti Γ, Γ = axlK, (2.7)

due to the fact that R
T
∂x1R ∈ so(3), i = 1, 2, 3, which in indices read

Kijk = Rli
∂Rlj

∂xk
, Kijk = −εijlΓlk, Γik =

1
2

3
∑

r,l=1

εilrKlrk. (2.8)

For a detailed discussion on various strain measures of the nonlinear micropolar continua, we refer to
[38].

Proposition 2.1. A general isotropic quadratic energy depending on R
T
DR ∈ R

3×9 has the form

˜W (K) = b1 ‖sym axlK‖2 + b2 ‖skew axlK‖2 + 4 b3 [tr(axlK)]2

= b1 ‖sym (

axl(K.e1) | axl(K.e2) | axl(K.e3)
)‖2

+ b2 ‖skew (

axl(K.e1) | axl(K.e2) | axl(K.e3)
)‖2

+ b3 [tr(
(

axl(K.e1) | axl(K.e2) | axl(K.e3)
)

)]2. (2.9)

Proof. The proof is based on the result from [17] and on the identities (2.7). Indeed, a quadratic energy
in K is a quadratic energy in Γ. Due to the results presented in [17], a quadratic isotropic energy written
in terms of Γ is given by

W (Γ) = b1 ‖sym Γ‖2 + b2 ‖skew Γ‖2 + b3 [tr(Γ)]2. (2.10)

Using (2.7), the proof is complete. �

We can express the uni-constant isotropic curvature term as a positive definite quadratic form in terms
of Γ, i.e.

‖DR‖2
R3×3×3 = ‖R

T
DR ‖2

R3×3×3 = ‖K‖2
R3×3×3 = ‖R

T
∂x1R‖2

R3×3 + ‖R
T
∂x2R‖2

R3×3 + ‖R
T
∂x3R‖2

R3×3

= 2 ‖ axl(R
T
∂x1R)‖2

R3 + 2 ‖ axl(R
T
∂x2R)‖2

R32 ‖ axl(R
T
∂x3R)‖2

R3 = 2 ‖Γ‖2
R3×3 . (2.11)

Therefore, a general positive definite quadratic isotropic curvature energy (2.9) in Γ is a positive definite
quadratic form in terms of ‖R

T
DR‖2

R3×3×3 , and vice versa. Thus, working with a quadratic isotropic

positive definite energy in terms of R
T
DR is equivalent with working with a quadratic positive definite

isotropic energy in terms of Γ. Since the expression of a isotropic curvature energy has a simpler form in
terms of Γ, in order to keep the calculations as simple as possible, we prefer to work with Γ.



ZAMP Explicit formula for the Γ-convergence... Page 7 of 27 76

2.3.2. The curvature tensor α = R
T
Curl R ∈ R

3×3. Another choice as curvature strain is the second-
order dislocation density tensor α. Comparing with R

T
D R, it simplifies considerably the representation

by allowing to use the orthogonal decomposition

R
T

CurlR = α = dev sym α + skew α +
1
3

tr(α)13. (2.12)

Moreover, it yields an equivalent control of spatial derivatives of rotations [35] and allows us to
write the curvature energy in a fictitious Cartesian configuration in terms of the wryness tensor [16,35]
Γ ∈ R

3×3, since (see [35]) the following close relationship between the wryness tensor and the dislocation
density tensor holds

α = −ΓT + tr(Γ)13, or equivalently, Γ = −αT +
1
2
tr(α)13. (2.13)

Hence,

sym Γ = − sym α +
1
2
tr(α)13, dev sym Γ = −dev sym α,

skew Γ = − skew(αT ) = skew α, tr(Γ) = −tr(α) +
3
2

tr(α) =
1
2
tr(α) (2.14)

and

sym α = − symΓ + tr(Γ)13, dev sym α = −dev sym Γ, skew α = skew Γ, tr(α) = 2 tr(Γ).
(2.15)

In addition, from [17] we have

Proposition 2.2. A general quadratic isotropic energy depending on α has the form

Wcurv(α) = b1 ‖symα‖2 + b2 ‖skewα‖2 +
b3

4
[tr(α)]2. (2.16)

Proof. We use again that a quadratic energy in α is a quadratic energy in Γ, i.e. due to [17], is given by
(2.10). The proof is complete after using the Nye’s formulas (2.13). �

Since a quadratic isotropic positive definite energy in terms of R
T
DR is equivalent with a quadratic

positive definite isotropic energy in terms of Γ, considering α is equivalent with considering K, as long as
a quadratic isotropic energy is used. As we will see in the present paper, a quadratic curvature energy in
terms of α is suitable for explicit calculations of homogenised curvature energy for shell models via the
Γ-convergence method.

2.3.3. The curvature (in fact: bending) tensor ̂K =
(

R
T
D(R.e1) | R

T
D(R.e2) | R

T
D(R.e3)

) ∈ R
3×9.

The curvature tensor ̂K =
(

R
T
D(R.e1) |RT

D(R.e2) |RT
D(R.e3)

) ∈ R
3×9 is motivated from the flat

Cosserat shell model [31,32]. Indeed, in this setting, the general bending energy term appearing from an
engineering ansatz through the thickness of the shell appears as

h3

12

(

μ ‖ sym(R
T
D(R.e3))‖2 + μc ‖skew(R

T
D(R.e3))‖2 +

λ μ

λ + 2μ

[

tr(R
T
D(R.e3))

]2
)

. (2.17)

Motivated by this, in earlier papers [31–34], as generalisation of R
T
D(R.e3), the third-order elastic

Cosserat curvature tensor is considered in the form
̂K =

(

R
T
D(R.e1) |RT

D(R.e2) |RT
D(R.e3)

)

= R
T (

D(R.e1),D(R.e2),D(R.e3)
) ∈ R

3×9, (2.18)

treating the three directions e1, e2, e3 equally, and the curvature energy is taken to be

̂Wcurv(̂K) = a1‖sym ̂K‖2 + a2‖skeŵK‖2 + a3[tr(̂K)]2. (2.19)
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We mean by ̂K.ei = R
T
D(R.ei) and

‖sym ̂K‖2 =
3

∑

i=1

‖sym ̂K.ei‖2 =
3

∑

i=1

‖sym (R
T
D(R.ei))‖2,

‖skew ̂K‖2 =
3

∑

i=1

‖skew ̂K.ei‖2 =
3

∑

i=1

‖skew (R
T
D(R.ei))‖2,

[tr(̂K)]2 =
3

∑

i=1

[tr(̂K.ei)]2 =
3

∑

i=1

[tr(R
T
D(R.ei))]2. (2.20)

However, this curvature energy has now three abstract orthogonal preferred directions, which makes it
only cubic and not isotropic, as we will see.

There does not exist an analysis to show that this is the most general form of an isotropic energy
depending on ̂K. Actually, as we will see in the following, for general positive values for (α1

i , α
2
i , α

3
i ) the

energies of the form (2.17) are anisotropic. We simplify the discussion by considering only the energy
‖R

T
D(R.ei)‖2. After the transformation R → R Q, with Q = (e1 | e3 | e2) ∈ SO(3) constant, we have

‖Q
T
R

T
D(R Q.e3)‖2 = ‖R

T
D(R Q.e3)‖2 = ‖R

T
D(R.e2)‖2 �= ‖R

T
D(R.e3)‖2. (2.21)

As regards the direct relation between ‖̂K‖2 =
∑3

i=1

∥

∥R
T
D(R.ei)

∥

∥

2 and ‖α‖2 we have

3
∑

i=1

∥

∥R
T
D(R.ei)

∥

∥

2

R3×3 =
3

∑

i=1

∥

∥D(R.ei)
∥

∥

2

R3×3 =
∥

∥DR
∥

∥

2

R3×3

= 1 · ‖dev symR
T
CurlR‖2

R3×3 + 1 · ‖skewR
T
CurlR‖2

R3×3 +
1
12

· [tr(R
T
CurlR)]2

≥ c+

∥

∥CurlR
∥

∥

2

R3×3 , (2.22)

where c+ > 0 is a constant. Since a coercive curvature energy in ̂K is completely controlled by
∑3

i=1

∥

∥R
T
D(R.ei)

∥

∥

2

R3×3 , a positive definite quadratic isotropic energy of the form in terms of α =

R
T
CurlR (equivalently on the wryness tensor Γ) is a positive definite quadratic form in terms of

‖R
T
DR‖2

R3×3×3 , and vice versa. Hence, a quadratic positive definite energy in terms of ̂K is energeti-
cally equivalent with a quadratic positive definite energy in terms of α (and Γ).

Let us remark that both
(

∂x1R | ∂x2R | ∂x3R
)

∈ R
3×9,

(

D(R.e1),D(R.e2),D(R.e3)
)

contain the same

terms, ∂Rij

∂xk
, i, j, k = 1, 2, 3, but differently ordered. By multiplication with R

T
of

(

∂x1R | ∂x2R | ∂x3R
)

∈
R

3×9 and
(

D(R.e1) |D(R.e2) |D(R.e3)
)

we obtain K and ̂K, respectively, i.e. Kijk = Rli
∂Rlj

∂xk
, ̂Kijk =

Rli
∂Rlk

∂xj
, i, j, k = 1, 2, 3 and Kijk = ̂Kikj , i, j, k = 1, 2, 3. We have the following relation between ̂K and Γ

̂Kijk = Kikj = −εiklΓlj , Γik =
1
2

3
∑

r,l=1

εilrKlrk =
1
2

3
∑

r,l=1

εilr
̂Klkr. (2.23)

Let us introduce the operator A : R3×9 → R
3×9 by (A.̂K)ijk = ̂Kikj .

Proposition 2.3. A general isotropic energy depending on ̂K =
(

R
T
D(R.e1) |RT

D(R.e2) |RT
D(R.e3)

) ∈
R

3×9 has the form

˜W (̂K) = b1 ‖sym axl(A.̂K)‖2 + b2 ‖skew axl(A.̂K)‖2 + b3 [tr(axl(A.̂K))]2. (2.24)
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Proof. Using (2.1), we have that a quadratic isotropic energy in ̂K is given by

˜W (̂K) = b1 ‖sym axlK‖2 + b2 ‖skew axlK‖2 + b3 [tr(axlK)]2. (2.25)

Since A.̂K = K, the proof is complete. �

Let us remark that comparing to (2.17), a general isotropic energy depending on ̂K, i.e. (2.24) is
different since we have the summation of different products between the elements of R

T
and DR, due to

the action of the axial operator together with the operator A.
From (2.17), one could obtain an isotropic energy by setting
∫

˜Q∈SO(3)

h3

12

3
∑

i=1

(

μ ‖ sym(R
T
D( ˜Q.ei))‖2 + μc ‖skew(R

T
D( ˜Q.ei))‖2 +

λ μ

λ + 2μ

[

tr(R
T
D( ˜Q.ei))

]2
)

, (2.26)

i.e. averaging over all directions.

3. Homogenised curvature energy for the flat Cosserat shell model via Γ-convergence

Let us consider an elastic material which in its reference configuration fills the three-dimensional flat
shell-like thin domain Ωh = ω × [ − h

2 , h
2

]

and ω ⊂ R
2 a bounded domain with Lipschitz boundary ∂ω.

The scalar 0 < h � 1 is called thickness of the shell.
Due to the discussion from Sect. 2.3, in this paper we consider the Cosserat curvature energy in terms

of the wryness tensor Γ in the form

˜Wcurv(Γ) = μ L2
c

(

b1 ‖sym Γ‖2 + b2 ‖skew Γ‖2 + b3 [tr(Γ)]2
)

. (3.1)

In order to apply the methods of Γ-convergence for constructing the variational problem on ω of the
flat Cosserat shell model, the first step is to transform our problem further from Ωh to a domain with
fixed thickness Ω1 = ω × [− 1

2 , 1
2 ] ⊂ R

3, ω ⊂ R
2. For this goal, the scaling of the variables (depen-

dent/independent) would be the first step. In all our computations, the mark ·� indicates the nonlinear
scaling and the mark ·h indicates that the assigned quantity depends on the thickness h. In a first step,

we will apply the nonlinear scaling to the deformation. For Ω1 = ω ×
[

− 1
2
,
1
2

]

⊂ R
3, ω ⊂ R

2, we define
the scaling transformations

ζ : η ∈ Ω1 �→ R
3 , ζ(η1, η2, η3) := (η1, η2, h η3) , ζ−1 : x ∈ Ωh �→ R

3 , ζ−1(x1, x2, x3) := (x1, x2,
x3

h
) ,

with ζ(Ω1) = Ωh. By using the above transformations (3.2), we obtain the formula for the transformed
deformation ϕ as

ϕ(x1, x2, x3) = ϕ�(ζ−1(x1, x2, x3)) ∀x ∈ Ωh ; ϕ�(η) = ϕ(ζ(η)) ∀η ∈ Ω1 ,

Dxϕ(x1, x2, x3) =

⎛

⎜

⎜

⎜

⎜

⎝

∂η1ϕ
�
1(η) ∂η2ϕ

�
1(η)

1
h

∂η3ϕ
�
1(η)

∂η1ϕ
�
2(η) ∂η2ϕ

�
2(η)

1
h

∂η3ϕ
�
2(η)

∂η1ϕ
�
3(η) ∂η2ϕ

�
3(η)

1
h

∂η3ϕ
�
3(η)

⎞

⎟

⎟

⎟

⎟

⎠

= Dh
ηϕ�(η) =: F �

h . (3.2)

Now we will do the same process for the microrotation tensor R
�

h : Ω1 → SO(3)

R(x1, x2, x3) = R
�

h(ζ−1(x1, x2, x3)) ∀x ∈ Ωh ; R
�

h(η) = R(ζ(η)) , ∀η ∈ Ω1 . (3.3)
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With this, the non-symmetric stretch tensor expressed in a point of Ω1 is given by

Ue
� = R

�,T

h F �
h = R

�,T

h Dh
ηϕ�(η) . (3.4)

and

Γ�
e,h =

(

axl(R
�,T

h ∂η1R
�

h) | axl(R
�,T

h ∂η2R
�

h) | 1
h

axl(R
�,T

h ∂η3R
�

h)
)

. (3.5)

The next step, in order to apply the Γ-convergence technique, is to transform the minimisation prob-
lem onto the fixed domain Ω1, which is independent of the thickness h. According to the results from
the previous subsection, we have found that the original three-dimensional variational problem (2.3) is
equivalent to the following minimisation problem on Ω1

I�
h(ϕ�,Dh

ηϕ�, R
�

h,Γ�
e,h) =

∫

Ω1

h
[(

Wmp(U �
e,h) + ˜Wcurv(Γ

�
e,h)

)]

dVη �→ min w.r.t (ϕ�, R
�

h) , (3.6)

where

Wmp(U �
e,h) = μ ‖sym(U �

e,h − 13)‖2 + μc ‖skew(U �
e,h − 13)‖2 +

λ

2
[tr(sym(U �

e,h − 13))]2 ,

˜Wcurv(Γ
�
e,h) = μ L2

c

(

a1 ‖dev sym Γ�
e,h‖2 + a2 ‖skew Γ�

e,h‖2 + a3 [tr(Γ�
e,h)]2

)

= μ L2
c

(

b1 ‖sym Γ�
e,h‖2 + b2 ‖skew Γ�

e,h‖2 + b3 [tr(Γ�
e,h)]2

)

, (3.7)

where a1 = b1, a2 = b2 and a3 = 12b3−b1
3 .

In article [33], one aim of the authors was to to find the Γ-limit of the family of functional which is
related to

I�
h(ϕ�,Dh

ηϕ�, R
�

h,Γ�
h) =

⎧

⎨

⎩

1
h

I�
h(ϕ�,Dh

ηϕ�, R
�

h,Γ�
h) if (ϕ�, R

�

h) ∈ S ′,

+∞ else in X,
(3.8)

where

X := {(ϕ�, R
�

h) ∈ L2(Ω1,R
3) × L2(Ω1,SO(3))} ,

S ′ := {(ϕ,Rh) ∈ H1(Ω1,R
3) × H1(Ω1,SO(3))

∣

∣ ϕ|∂Ω1(η) = ϕ�
d(η)} . (3.9)

That means, to obtain an energy functional expressed only in terms of the weak limit of a subse-
quence of (ϕ�

hj
, R

�

hj
) ∈ X, when hj goes to zero. In other words, as we will see, to construct an en-

ergy function depending only on quantities definite on the planar midsurface ω. However, in [33] the
authors have considered a different Cosserat curvature energy based on the Cosserat curvature tensor
̂K = (R

T
D(R.e1)R1, R

T
D(R.e2), R

T
D(R.e3)) ∈ R

3×3×3, which in the simplest form reads

̂Wcurv(̂K) = μ
L2

c

12

(

α1‖sym̂K‖2 + α2‖skeŵK‖2 + α3tr(̂K)2
)

, (3.10)

and no explicit form of the homogenised curvature energy has been computed (perhaps even not possible
to be computed for curved initial configuration). In fact, ̂K is not isotropic and has to be avoided in an
isotropic model, as seen above.

In order to construct the Γ-limit, there is the need to solve two auxiliary optimisation problems, i.e.
O1: The optimisation problem which for each pair (m,R0), where m : ω → R

3, R0 : ω → SO(3) defines
the homogenised membrane energy

W hom,plate
mp (Eplate

m,R0
) := inf

˜d∈R3
Wmp

(

R
T

0 (Dm|˜d)
)

= inf
˜d∈R3

Wmp

(

Eplate

m,R0
− (0|0|˜d)

)

. (3.11)

where Eplate

m,R0
:= R

T

0 (Dm|0) − 1�
2 denotes the elastic strain tensor for the flat Cosserat shell model.
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O2: The optimisation problem which for each R0 : ω → SO(3) defines the homogenised curvature energy

˜W hom,plate
curv (Kplate

R0
) : = ˜W ∗

curv

(

axl(R
T

0 ∂η1R0) | axl(R
T

0 ∂η2R0) | axl (A∗)
)

= inf
A∈so(3)

˜Wcurv

(

axl(R
T

0 ∂η1R0) | axl(R
T

0 ∂η2R0) | axl (A)
)

(3.12)

where Kplate

R0
: =

(

axl(R
T

0 ∂x1R0) | axl(R
T

0 ∂x2R0) |0
)

�∈ Sym(3) denotes the elastic bending curvature
tensor for the flat Cosserat shell model.

The first optimisation problem O1 was solved in [33] giving

W hom,plate
mp (Eplate

m,R0
) = Wshell

(

[Eplate

m,Qe,0
]‖

)

+
2μ μc

μc + μ
‖[Eplate

m,Qe,0
]⊥‖2,

with the orthogonal decomposition in the tangential plane and in the normal direction2

[Eplate

m,R0
]‖ := (13 − e3 ⊗ e3) [Eplate

m,R0
], [Eplate

m,R0
]⊥ := (e3 ⊗ e3) [Eplate

m,R0
] (3.14)

and

Wshell

(

[Eplate

m,R0
]‖

)

= μ ‖sym [Eplate

m,R0
]‖‖2 + μc ‖skew [Eplate

m, ]‖‖2 +
λ μ

λ + 2μ

[

tr([Eplate

m,R0
]‖)

]2
. (3.15)

As regards the second optimisation problem O2, in [33] the authors had to solve a similar problem
but corresponding to a curvature energy given by (3.10), i.e. the dimensionally reduced homogenised
curvature energy is defined through the

W hom, plate
curv (A) = inf

u,v,w∈R3
̂Wcurv

(

(Ae1|u), (Ae2|v), (Ae3|w)
)

, (3.16)

where A := (R
T

0 (∂x1(R0e1)|∂x2(R0e1)), R
T

0 (∂x1(R0)e2|∂x2(R0e2)), R
T

0 (∂x1(R0e3)|∂x2(R0e3))). In this rep-
resentation, calculating the homogenised energy looks more difficult and it was not explicitly done.

In this section, we show that considering the curvature energy depending on the Cosserat curvature
tensor α (equivalently on the three-dimensional wryness tensor Γ) the calculation of the homogenised
curvature energy (i.e. the solution of O2) is easier and analytically achievable.

Theorem 3.1. The homogenised curvature energy for a flat Cosserat shell model is given by

W hom,plate
curv (Γ) = μL2

c

(

b1‖sym[Kplate

R0
]‖‖2 + b2‖skew[Kplate

R0
]‖‖2 +

b1b3
(b1 + b3)

tr([Kplate

R0
]‖)2 +

2 b1b2
b1 + b2

‖[Kplate

R0
]⊥‖

)

with the orthogonal decomposition in the tangential plane and in the normal direction

Kplate

R0
= [Kplate

R0
]‖ + [Kplate

R0
]⊥, [Kplate

R0
]‖ := e3 ⊗ e3 Kplate

R0
, [Kplate

R0
]⊥ := (13 − e3 ⊗ e3)Kplate

R0
.

(3.17)

2Here, for vectors ξ, η ∈ R
n, we have considered the tensor product (ξ ⊗ η)ij = ξi ηj . Let us denote by Ri the

columns of the matrix R, i.e. R =
(

R1 | R2 | R3

)

, Ri = R ei. Since (13 − e3 ⊗ e3)R
T

=
(

R1 | R2 | 0)T
, it follows that

[Eplate

m,Qe,0
]‖ =

(

R1 | R2 | 0)T
(Dm|0) − 1�

2 =
((

R1 | R2

)T
Dm

)� − 1�
2, while

[Eplate

m,Qe,0
]⊥ = (0 | 0 | R3)

T (Dm|0) =

⎛

⎝

0 0 0
0 0 0

〈R3, ∂x1m〉 〈R3, ∂x2m〉 0

⎞

⎠ . (3.13)
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Proof. Let us define Γ0 = (Γ0
1 |Γ0

2 |Γ0
3) :=

(

axl(R
T

0 ∂η1R0) | axl(R
T

0 ∂η2R0) | axl (A)
)

. Then the ho-
mogenised curvature energy turns out to be

W hom
curv ((Γ0

1 |Γ0
2)) = ˜Wcurv(Γ0

1 |Γ0
2|c∗) = inf

c∈R3
Wcurv((Γ0

1 |Γ0
2|c)) . (3.18)

By using the relation (3.1), we start to do the calculations for the sym, skew and trace parts as

symΓ0 =

⎛

⎜

⎝

Γ0
11

Γ0
12+Γ0

21
2

c1+Γ0
31

2
Γ0
21+Γ0

12
2 Γ0

22
c2+Γ0

32
2

Γ0
31+c1

2
Γ0
32+c2

2 c3

⎞

⎟

⎠ , skew Γ0 =

⎛

⎜

⎝

0 Γ0
12−Γ0

21
2

c1−Γ0
31

2
Γ0
21−Γ0

12
2 0 c2−Γ0

32
2

Γ0
31−c1

2
Γ0
32−c2

2 0

⎞

⎟

⎠ , (3.19)

and tr(Γ0) = (Γ0
11 + Γ0

22 + c3) . We have

Wcurv(Γ0) = μL2
c

(

b1

(

(Γ0
11)

2 +
1
2
(Γ0

12 + Γ0
21)

2 +
1
2
(c1 + Γ0

31)
2 + (Γ0

22)
2 +

1
2
(c2 + Γ0

32)
2 + c2

3

)

+ b2

(1
2
(Γ0

12 − Γ0
21)

2 +
1
2
(c1 − Γ0

31)
2 +

1
2
(c2 − Γ0

32)
2
)

+ b3(Γ0
11 + Γ0

22 + c3)2
)

. (3.20)

But this is an easy optimisation problem in R
3. Indeed, the stationary points are

0 =
∂Wcurv(Γ0)

∂c1
= b1(c1 + Γ0

31) + b2(c1 − Γ0
31) = (b1 + b2)c1 + (b1 − b2)Γ0

31 ⇒ c1 =
b2 − b1

b1 + b2
Γ0

31 ,

0 =
∂Wcurv(Γ0)

∂c2
= b1(c2 + Γ0

32) + b2(c2 − Γ0
32) = (b1 + b2)c2 + (b1 − b2)Γ0

32 ⇒ c2 =
b2 − b1

b1 + b2
Γ0

32 ,

0 =
∂Wcurv(Γ0)

∂c3
= b1c3 + b3(Γ0

11 + Γ0
22 + c3) ⇒ c3 =

−b3

b1 + b3
(Γ0

11 + Γ0
22) , (3.21)

and the matrix defining the quadratic function in c1, c2, c3 is positive definite, this stationary point is the
minimiser, too. By inserting the unknowns inside Wcurv, we find W hom, plate

curv given by

W hom, plate
curv (Γ) = μL2

c

(

b1
(

(Γ0
11)

2 + (Γ0
22)

2 + (
−b3

b1 + b3
(Γ0

11 + Γ0
22))

2 +
1

2
(Γ0

21 + Γ0
12)

2 +
1

2
(
b2 − b1
b1 + b2

Γ0
31 + Γ0

31)
2

+
1

2
(
b2 − b1
b1 + b2

Γ0
32 + Γ0

32)
2) + b2

(1

2
(Γ0

12 − Γ0
21)

2 +
1

2
(
b2 − b1
b1 + b2

Γ0
31 − Γ0

31)
2

+
1

2
(
b2 − b1
b1 + b2

Γ0
32 − Γ0

32)
2) + b3

(

(Γ0
11 + Γ0

22) − b3
b1 + b3

(Γ0
11 + Γ0

22)
)2

)

= μL2
c

(

b1
(

(Γ0
11)

2 + (Γ0
22)

2 +
b23

(b1 + b3)2
(Γ0

11 + Γ0
22)

2 +
1

2
(Γ0

21 + Γ0
12)

2 + 2
b22

(b1 + b2)2
(Γ0

31)
2

+ 2
b22

(b1 + b2)2
(Γ0

32)
2) + b2

(1

2
(Γ0

12 − Γ0
21)

2 + 2
b21

(b1 + b2)2
(Γ0)231 + 2

b21
(b1 + b2)2

(Γ0
32)

2)

+ b3
b21

(b1 + b3)2
(Γ0

11 + Γ0
22)

2
)

= μL2
c

(

b1
(

(Γ0
11)

2 + (Γ0
22)

2) +
b1b3

(b1 + b3)
(Γ0

11 + Γ0
22)

2 +
b1
2

(Γ0
21 + Γ0

12)
2

+ 2
b1b2

(b1 + b2)
(Γ0

31)
2 + 2

b1b2
(b1 + b2)

(Γ0
32)

2 +
b2
2

(Γ0
21 − Γ0

12)
2
)

= μL2
c

(

b1‖symΓ�‖2 + b2‖skewΓ�‖2 +
b1b3

(b1 + b3)
tr(Γ�)2 +

2b1b2
(b1 + b2)

‖
(

Γ0
31

Γ0
32

)

‖2
)

, (3.22)

where Γ� :=
(

Γ0
11 Γ0

12

Γ0
21 Γ0

22

)

.
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Therefore, the homogenised curvature energy for the flat Cosserat shell model is

W hom, plate
curv (Γ) = μL2

c

(

b1‖symΓ�‖2 + b2‖skewΓ�‖2 +
b1b3

(b1 + b3)
tr(Γ�)2 +

2b1b2
(b1 + b2)

‖
(

Γ0
31

Γ0
32

)

‖2
)

= μL2
c

(

b1‖sym[Kplate

R0
]‖‖2 + b2‖skew[Kplate

R0
]‖‖2 +

b1b3
(b1 + b3)

tr([Kplate

R0
]‖)2 +

2 b1b2
b1 + b2

‖[Kplate

R0
]⊥‖

)

(3.23)

with the orthogonal decomposition in the tangential plane and in the normal direction

Kplate

R0
= [Kplate

R0
]‖ + [Kplate

R0
]⊥, [Kplate

R0
]‖ := e3 ⊗ e3 Kplate

R0
, [Kplate

R0
]⊥ := (13 − e3 ⊗ e3)Kplate

R0
.

�

Since we have now the explicit form of both homogenised energies (membrane and curvature), we are
ready to indicate the exact form of the Γ-limit of the sequence of functionals Jhj

: X → R and to provide
the following theorem, see [40]

Theorem 3.2. Assume the boundary data satisfy the conditions

ϕ�
d = ϕd

∣

∣

∂Ω1
(in the sense of traces) for ϕd ∈ H1(Ω1;R3), Γ1 ⊂ ∂Ω1 (3.24)

and let the constitutive parameters satisfy

μ > 0, κ > 0, μc > 0, a1 > 0, a2 > 0, a3 > 0 . (3.25)

Then, for any sequence (ϕ�
hj

, R
�

hj
) ∈ X such that (ϕ�

hj
, R

�

hj
) → (ϕ0, R0) as hj → 0, the sequence of

functionals Ihj
: X → R from (3.8) Γ-converges to the limit energy functional I0 : X → R defined by

I0(m,R0) =

⎧

⎪

⎨

⎪

⎩

∫

ω

[W hom,plate
mp (Eplate

m,R0
) + ˜W hom,plate

curv (Kplate

R0
)] dω if (m,R0) ∈ S ′

ω,

+∞ else in X,

(3.26)

where

m(x1, x2) := ϕ0(x1, x2) = lim
hj→0

ϕ�
hj

(x1, x2,
1
hj

x3), Qe,0(x1, x2) = lim
hj→0

R
�

hj
(x1, x2,

1
hj

x3),

Eplate

m,R0
= R

T

0 (Dm|0) − 1�
2 , Kplate

R0
=

(

axl(R
T

0 ∂x1R0) | axl(R
T

0 ∂x2R0) |0
)

�∈ Sym(3) ,

and

W hom,plate
mp (Eplate

m,R0
) = μ ‖sym [Eplate

m,R0
]‖‖2 + μc ‖skew [Eplate

m,R0
]‖‖2 +

λ μ

λ + 2 μ

[

tr([Eplate

m,R0
]‖)

]2
+

2 μ μc

μc + μ
‖[Eplate

m,R0
]T n0‖2

= Wshell

(

[Eplate

m,R0
]‖

)

+
2 μ μc

μc + μ
‖[Eplate

m,R0
]⊥‖2,

˜W hom,plate
curv (Kplate

R0
) = inf

A∈so(3)

˜Wcurv

(

axl(R
T
0 ∂η1R0) | axl(R

T
0 ∂η2R0) | axl(A)

)

[(DxΘ)�(0)]−1

= μL2
c

(

b1‖sym[Kplate

R0
]‖‖2 + b2‖skew[Kplate

R0
]‖‖2 +

b1b3
(b1 + b3)

tr([Kplate

R0
]‖)2 +

2 b1b2
b1 + b2

‖[Kplate

R0
]⊥‖

)

.

(3.27)
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4. Homogenised curvature energy for the curved Cosserat shell model via Γ-convergence

In this section, we consider the case of a curved Cosserat shell model and we give the explicit form and
the detailed calculation of the homogenised curvature energy. In comparison with the flat Cosserat shell
model, the calculations are more complicated. Hence, let us consider an elastic material which in its
reference configuration fills the three-dimensional shell-like thin domain Ωξ ⊂ R

3, i.e. we assume that
there exists a C1-diffeomorphism Θ: R3 → R

3 with Θ(x1, x2, x3) := (ξ1, ξ2, ξ3) such that Θ(Ωh) = Ωξ

and ωξ = Θ(ω × {0}), where Ωh ⊂ R
3 for Ωh = ω × [ − h

2 , h
2

]

, with ω ⊂ R
2 a bounded domain with

Lipschitz boundary ∂ω. The scalar 0 < h � 1 is called thickness of the shell, while the domain Ωh

is called fictitious Cartesian configuration of the body. In fact, in this paper, we consider the following
diffeomorphism Θ: R3 → R

3 which describes the curved surface of the shell

Θ(x1, x2, x3) = y0(x1, x2) + x3 n0(x1, x2) , (4.1)

where y0 : ω → R
3 is a C2(ω)-function and n0 = ∂x1y0×∂x2y0

‖∂x1y0×∂x2y0‖ is the unit normal vector on ωξ. Remark
that

DxΘ(x3) = (Dy0|n0) + x3(Dn0|0) ∀x3 ∈
(

−h

2
,
h

2

)

, DxΘ(0) = (Dy0|n0), [DxΘ(0)]−T e3 = n0,

(4.2)

and det DxΘ(0) = det(Dy0|n0) =
√

det[(Dy0)T Dy0] represents the surface element. We also have the
polar decomposition DxΘ(0) = Q0 U0, where

Q0 = polar(DxΘ(0)) = polar([DxΘ(0)]−T ) ∈ SO(3) and U0 ∈ Sym+(3) . (4.3)

The first step in our shell model is to transform the problem to a variational problem defined on
the fictitious flat configuration Ωh = ω × [ − h

2 , h
2

]

. The next step, in order to apply the Γ-convergence
technique, is to transform the minimisation problem onto the fixed domain Ω1, which is independent of
the thickness h. These two steps were done in [40], the three-dimensional problem (2.1) (corresponding
to the Cosserat curvature tensor α) being equivalent to the following minimisation problem on Ω1

I�
h(ϕ�,Dh

ηϕ�, Q
�

e,h,Γ�
e,h) =

∫

Ω1

(

Wmp(U �
e,h) + ˜Wcurv(Γ

�
e,h)

)

det(Dηζ(η)) det((DxΘ)�(η3)) dVη

=
∫

Ω1

h
[(

Wmp(U �
e,h) + ˜Wcurv(Γ

�
e,h)

)

det((DxΘ)�(η3))
]

dVη �→ min w.r.t (ϕ�, Q
�

e,h) , (4.4)

where

Wmp(U �
e,h) = μ ‖sym(U �

e,h − 13)‖2 + μc ‖skew(U �
e,h − 13)‖2 +

λ

2
[tr(sym(U �

e,h − 13))]2 ,

˜Wcurv(Γ
�
e,h) = μ L2

c

(

b1 ‖ sym Γ�
e,h‖2 + b2 ‖skew Γ�

e,h‖2 + b3 [tr(Γ�
e,h)]2

)

,

U �
e,h = Q

�,T

e,hF �
h[(DxΘ)�(η3)]−1 = Q

�,T

e,hDh
ηϕ�(η)[(DxΘ)�(η3)]−1 ,

Γ�
e,h =

(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) | 1
h

axl(Q
�,T

e,h ∂η3Q
�

e,h)
)

[(DxΘ)�(η3)]−1, (4.5)

with (DxΘ)�(η3) the nonlinear scaling (see (3.2)) of DxΘ, F �
h = Dh

ηϕ� the nonlinear scaling of the gradient

of the mapping ϕ : Ωh → Ωc , ϕ(x1, x2, x3) = ϕξ(Θ(x1, x2, x3)) , Q
�

e,h the nonlinear scaling of the elastic
microrotation Qe : Ωh → SO(3) defined by Qe(x1, x2, x3) := Rξ(Θ(x1, x2, x3)) . Since for η3 = 0 the
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values of DxΘ, Q0, U0 expressed in terms of (η1, η2, 0) and (x1, x2, 0) coincide, we will omit the sign ·�
and we will understand from the context the variables into discussion, i.e.

(DxΘ)(0) := (Dy0 |n0) = (DxΘ)�(η1, η2, 0) ≡ (DxΘ)(x1, x2, 0),

Q0(0) := Q�
0(η1, η2, 0) ≡ Q0(x1, x2, 0), U0(0) := U �

0(η1, η2, 0) ≡ U0(x1, x2, 0). (4.6)

In order to construct the Γ-limit of the rescaled energies

I�
h(ϕ�,Dh

ηϕ�, R
�

h,Γ�
h) =

⎧

⎨

⎩

1
h

I�
h(ϕ�,Dh

ηϕ�, Q
�

e,h,Γ�
e,h) if (ϕ�, Q

�

e,h) ∈ S ′,

+∞ else in X,
(4.7)

for curved Cosserat shell model, we have to solve the following four (not only two as for flat Cosserat
shell models) auxiliary optimisation problems.

O1: For each ϕ� : Ω1 → R
3 and Q

�

e,h : Ω1 → SO(3) we determine a vector d∗ ∈ R
3 through

W hom,�
mp (E

ϕ�,Q
�
e,h

) : = Wmp

(

Q
�,T

e,h(D(η1,η2)ϕ
�|d∗)[(DxΘ)�(η3)]−1

)

= inf
c∈R3

Wmp

(

Q
�,T

e,h(D(η1,η2)ϕ
�|c)[(DxΘ)�(η3)]−1

)

, (4.8)

where E
ϕ�,Q

�
e,h

:= (Q
�,T

e D(η1,η2)ϕ
� − (Dy0)�|0)[(DxΘ)�(η3)]−1 represents the non-fully3 dimensional

reduced elastic shell strain tensor.
O2: For each pair (m,Qe,0), where m : ω → R

3, Qe,0 : ω → SO(3) we determine the vector ˜d∗ ∈ R
3

through

W hom
mp (Em,Qe,0

) := Wmp

(

Q
T

e,0(Dm|˜d∗)[(DxΘ)(0)]−1
)

= inf
c̃∈R3

Wmp

(

Q
T

e,0(Dm|c̃)[(DxΘ)(0)]−1
)

= inf
c̃∈R3

Wmp

(

Em,Qe,0
− (0|0|c̃)[(DxΘ)(0)]−1

)

, (4.9)

where Em,Qe,0
:= (Q

T

e,0Dm − Dy0|0)[DxΘ(0)]−1 represents the elastic shell strain tensor.

O3: For each Q
�

e,h : Ω1 → SO(3), we determine the skew-symmetric matrix A∗ ∈ so 3, i.e. its axial vector
axl A∗ ∈ R

3 through

˜W hom,�
curv (K

Q
�
e,h

) : = ˜Wcurv

(

(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) | axl (A∗)
)

[(DxΘ)�(η3)]−1
)

= inf
A∈so(3)

˜Wcurv

(

(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) | axl (A)
)

[(DxΘ)�(η3)]−1
)

,

(4.10)

where K
Q

�
e,h

: =
(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) |0
)

[(DxΘ)�(η3)]−1 represents a not fully re-
duced elastic shell bending curvature tensor, in the sense that it still depends on η3 and h, since
Q

�

e,h = Q
�

e,h(η1, η2, η3). Therefore, ˜W hom,�
curv (K

Q
�
e,h

) given by the above definitions still depends on η3

and h.

3Here, “non-fully” means that the introduced quantities still depend on η3 and h, because the elements D(η1,η2)ϕ
�

still depend on η3 and Q
�,T

depends on h.
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O4: For each Qe,0 : Ω1 → SO(3), we determine the skew-symmetric matrix A∗ ∈ so(3), i.e. its axial
vector axl A∗ ∈ R

3, though

˜W hom
curv (KQe,0

) : = ˜W ∗
curv

(

(

axl(Q
T

e,0 ∂η1Qe,0) | axl(Q
T

e,0 ∂η2Qe,0) | axl (A∗)
)

[(DxΘ)�(0)]−1
)

= inf
A∈so(3)

˜Wcurv

(

(

axl(Q
T

e,0 ∂η1Qe,0) | axl(Q
T

e,0 ∂η2Qe,0) | axl (A)
)

[(DxΘ)�(0)]−1
)

, (4.11)

where KQe,0
: =

(

axl(Q
T

e,0 ∂x1Qe,0) | axl(Q
T

e,0 ∂x2Qe,0) |0
)

[DxΘ(0) ]−1 �∈ Sym(3) represents the the
elastic shell bending curvature tensor.

Let us remark that having the solutions of the optimisation problems O1 and O3, the solutions for
the optimisation problems O2 and O4, respectively, follow immediately. However, we cannot skip the
solution of the optimisation problems O1 and O3 and use only the solutions of the optimisation problems
O2 and O4, since the knowledge of W hom

mp and W hom
curv is important in the proof of the Γ-convergence result.

This is the first major difference between Γ-convergence for curved initial configurations and flat initial
configuration.

The solutions of the first two optimisation problems and the complete calculations where given in [40],
while the analytical calculations of the last two optimisation problems were left open until now.

For the completeness of the exposition, we recall the following result

Theorem 4.1. [40] The solution of the optimisation problem O2 is

˜d∗ =
(

1 − λ

2μ + λ
〈Em,Qe,0

,13〉
)

Qe,0n0 +
μc − μ

μc + μ
Qe,0ET

m,Qe,0
n0 , (4.12)

and

W hom
mp (Em,Qe,0

) = μ ‖sym E‖
m,Qe,0

‖2 + μc ‖skew E‖
m,Qe,0

‖2 +
λ μ

λ + 2 μ

[

tr(E‖
m,Qe,0

)
]2

+
2 μ μc

μc + μ
‖ET

m,Qe,0
n0‖2

= Wshell

(E‖
m,Qe,0

)

+
2 μ μc

μc + μ
‖E⊥

m,Qe,0
‖2, (4.13)

where Wshell

(E‖
m,Qe,0

)

= μ ‖sym E‖
m,Qe,0

‖2 +μc ‖skew E‖
m,Qe,0

‖2 +
λ μ

λ + 2μ

[

tr(E‖
m,Qe,0

)
]2 with the orthog-

onal decomposition in the tangential plane and in the normal direction

Em,Qe,0
= E‖

m,Qe,0
+ E⊥

m,Qe,0
, E‖

m,Qe,0
:= Ay0 Em,Qe,0

, E⊥
m,Qe,0

:= (13 − Ay0) Em,Qe,0
, (4.14)

and Ay0 := (Dy0|0) [DΘx(0) ]−1 ∈ R
3×3.

In the remainder of this section, we provide the explicit solutions of the optimisation problems O3
and O4. We remark that, while in the case of flat initial configuration the solution of O4 is very easy to
be found, in the case of curved initial configuration the calculations are more difficult. Beside this, for
curved initial configurations there is a need to solve the optimisation problem O3, too. Notice that for
flat initial configuration the optimisation problems O3 and O4 coincide.

4.1. The calculation of the homogenised curvature energy

We have the following isotropic curvature energy formula for a curved configuration

˜Wcurv(Γ
�
e,h) = μL2

c

(

b1‖sym Γ�
e,h‖2 + b2 ‖skewΓ�

e,h‖2 + b3tr(Γ
�
e,h)2

)

. (4.15)
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Theorem 4.2. The solution of the optimisation problem O3 given by (4.10) is

c∗ =
(b2 − b1)
b1 + b2

KT

Q
�
e,h

n0 − 2b3

2(b1 + b3)
tr(K

Q
�
e,h

)n0 (4.16)

and the corresponding homogenised curvature energy is

W hom
curv (K

Q
�
e,h

) = μL2
c

(

b1‖symK‖
Q

�
e,h

‖2 + b2‖skewK‖
Q

�
e,h

‖2 +
b1b3

(b1 + b3)
tr(K‖

Q
�
e,h

)2 +
2b1b2

b1 + b2
‖K⊥

Q
�
e,h

‖
)

,

where K‖
Q

�
e,h

and K⊥
Q

�
e,h

represent the orthogonal decomposition of the a not fully reduced elastic shell

bending curvature tensor K
Q

�
e,h

in the tangential plane and in the normal direction, respectively.

Proof. We need to find

˜W hom,�
curv (K

Q
�
e,h

) = ˜Wcurv(KQ
�
e,h

+ (0|0|c∗)[(DxΘ)�(η3)]−1) = inf
c∈R3

˜Wcurv(KQ
�
e,h

+ (0|0|c)[(DxΘ)�(η3)]−1

︸ ︷︷ ︸

=:Kc∗
Q

�
e,h

) .

(4.17)

The Euler–Lagrange equations appear from variations with respect to arbitrary increments δc ∈ R
3.

〈DWcurv(Kc∗

Q
�
e,h

), (0|0|δc)[(DxΘ)�(η3)]−1〉 = 0 ⇔ 〈[D˜Wcurv(Kc∗

Q
�
e,h

)] [(DxΘ)�(η3)]−T , e3 ⊗ δc〉 = 0

⇔ 〈[D˜Wcurv(Kc∗

Q
�
e,h

)] [(DxΘ)�(η3)]−T e3, δc〉 = 0

⇔ 〈[D˜Wcurv(Kc∗

Q
�
e,h

)]n0, δc〉 = 0 ∀δc ∈ R
3. (4.18)

Therefore, we deduce that if c∗ is a minimum then

[D˜Wcurv(Kc∗

Q
�
e,h

)]n0 = 0 ⇔
(

2a1sym(Kc∗

Q
�
e,h

) + 2 a2skew(Kc∗

Q
�
e,h

) + 2a3tr(Kc∗

Q
�
e,h

)
)

n0 = 0 . (4.19)

Since Kc∗

Q
�
e,h

= K
Q

�
e,h

+ (0|0|c∗)[(DxΘ)�(η3)]−1 , we have

2sym
(Kc∗

Q
�
e,h

)

n0 = 2
(

sym(K
Q

�
e,h

) + sym((0|0|c∗)[(DxΘ)�(η3)]−1)
)

n0

=
(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) |0
)

[(DxΘ)�]−1(η3)n0
︸ ︷︷ ︸

=e3

+KT

Q
�
e,h

n0

+ (0|0|c∗)[(DxΘ)�(η3)]−1n0 + ((0|0|c∗)[(DxΘ)�(η3)]−1)T n0

= KT

Q
�
e,h

n0 + c∗ + ((0|0|c∗)[(DxΘ)�(η3)]−1)T n0 . (4.20)

Similar calculations show that

2skew
(Kc∗

Q
�
e,h

)

n0 = 2
(

skew(K
Q

�
e,h

) + skew((0|0|c∗)[(DxΘ)�(η3)]−1)
)

n0

= −KT

Q
�
e,h

n0 + c∗ − ((0|0|c∗)[(DxΘ)�(η3)]−1)T n0 , (4.21)

while the trace term is calculated to be

2 tr(Kc∗

Q
�
e,h

)n0 = 2
(

tr(K
Q

�
e,h

) + tr((0|0|c∗)[(DxΘ)�(η3)]−1)
)

n0

= 2 tr(K
Q

�
e,h

)n0 + 2〈(0|0|c∗)[(DxΘ)�(η3)]−1,13〉R3×3 n0

= 2 tr(K
Q

�
e,h

)n0 + 2〈c∗, [(DxΘ)�(η3)]−T e3
︸ ︷︷ ︸

=n0

〉n0 = 2 tr(K
Q

�
e,h

)n0 + 2 c∗ n0 ⊗ n0 . (4.22)
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By using (4.19), we obtain

b1KT

Q
�
e,h

n0 + b1c
∗ + b1((0|0|c∗)[(DxΘ)�(η3)]−1)T n0 − b2KT

Q
�
e,h

n0 + b2c
∗

− b2((0|0|c∗)[(DxΘ)�(η3)]−1)T n0 + 2b3tr(KQ
�
e,h

)n0 + 2b3 c∗ n0 ⊗ n0 = 0 . (4.23)

Gathering similar terms gives us

(b1 − b2)KT

Q
�
e,h

n0 + (b1 + b2)c∗ + (b1 − b2)((0|0|c∗)[(DxΘ)�(η3)]−1)T n0

+ 2b3tr(KQ
�
e,h

)n0 + 2b3 c∗ n0 ⊗ n0 = 0 . (4.24)

We have

((0|0|c∗)[(DxΘ)�(η3)]−1)T n0 = (c∗ (0|0|e3)[(DxΘ)�(η3)]−1)T n0 = (c∗ n0)T n0

= nT
0 c∗T n0 = 〈n0, c

∗T 〉n0 = n0〈n0, c
∗〉 = n0 ⊗ n0 c∗ = c∗ n0 ⊗ n0 , (4.25)

and by using the decomposition [4–6] 13 c∗ = Ay0 c∗ + n0 ⊗ n0 c∗ , we obtain

(b1 − b2)KT

Q
�
e,h

n0 + (b1 + b2)(Ay0 c∗ + n0 ⊗ n0 c∗) + (b1 − b2)n0 ⊗ n0 c∗

+2b3tr(KQ
�
e,h

)n0 + 2b3 n0 ⊗ n0 c∗ = 0 , (4.26)

and

[(b1 + b2)Ay0 + 2(b1 + b3)n0 ⊗ n0] c∗ = −(b1 − b2)KT

Q
�
e,h

n0 − 2b3tr(KQ
�
e,h

)n0 . (4.27)

Since Ay0 is orthogonal to n0 ⊗ n0 and A2
y0

= Ay0 ,
[

1
b1 + b2

Ay0 +
1

2(b1 + b3)
n0 ⊗ n0

]

[(b1 + b2)Ay0 + 2(b1 + b3)n0 ⊗ n0] = 13 (4.28)

(see [5]), we have

[(b1 + b2)Ay0 + 2(b1 + b3)n0 ⊗ n0]−1 =
1

b1 + b2
Ay0 +

1
2(b1 + b3)

n0 ⊗ n0 (4.29)

and we find

c∗ = (b2 − b1)
[ 1

b1 + b2
Ay0 +

1

2(b1 + b3)
n0 ⊗ n0

]

KT

Q
�
e,h

n0 − 2b3tr(KQ
�
e,h

)
[ 1

b1 + b2
Ay0 +

1

2(b1 + b3)
n0 ⊗ n0

]

n0 .

Because

Ay0KT

Q
�
e,h

= 13KT

Q
�
e,h

− n0 ⊗ n0KT

Q
�
e,h

= KT

Q
�
e,h

− (0|0|n0)(0|0|n0)T [(DxΘ)�(η3)]−T
(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) |0
)T

n0

= KT

Q
�
e,h

− (0|0|n0)([(DxΘ)�(η3)]−1(0|0|n0)
︸ ︷︷ ︸

(0|0|e3)

)T
(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) |0
)T

n0

= KT

Q
�
e,h

− (0|0|n0)(0|0|e3)T
(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) |0
)T

n0

= KT

Q
�
e,h

− (0|0|n0)

⎛

⎝

0 0 0
0 0 0
0 0 1

⎞

⎠

⎛

⎝

∗ ∗ ∗
∗ ∗ ∗
0 0 0

⎞

⎠ n0 = KT

Q
�
e,h

, (4.30)
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we obtain the unique minimiser

c∗ =
(b2 − b1)
b1 + b2

KT

Q
�
e,h

n0 − 2b3

2(b1 + b3)
tr(K

Q
�
e,h

)n0 . (4.31)

Next, we insert the minimiser c∗ in (4.31). We have

‖sym Kc∗

Q
�
e,h

‖2 = ‖sym
(K

Q
�
e,h

)‖2 + ‖sym
(

(0|0|c)[(DxΘ)�(η3)]−1
)‖2

+ 2
〈

sym
(K

Q
�
e,h

)

, sym
(

(0|0|c)[(DxΘ)�(η3)]−1
)

〉

= ‖sym(K
Q

�
e,h

)‖2

+ ‖sym
(b2 − b1

b1 + b2
KT

Q
�
e,h

(0|0|n0)[(DxΘ)�]−1 − b3

(b1 + b3)
tr(K

Q
�
e,h

)(0|0|n0)[(DxΘ)�(η3)]−1
)

‖2

+ 2
〈

sym(K
Q

�
e,h

), sym
(b2 − b1

b1 + b2
KT

Q
�
e,h

(0|0|n0)[(DxΘ)�(η3)]−1

− b3

(b1 + b3)
tr(K

Q
�
e,h

)(0|0|n0)[(DxΘ)�(η3)]−1
)〉

, (4.32)

and

‖sym
(b2 − b1

b1 + b2
KT

Q
�
e,h

(0|0|n0)[(DxΘ)�(η3)]−1 − b3

(b1 + b3)
tr(K

Q
�
e,h

)(0|0|n0)[(DxΘ)�(η3)]−1
)

‖2

=
(b2 − b1)2

(b1 + b2)2
‖sym(KT

Q
�
e,h

n0 ⊗ n0)‖2 +
b2
3

(b1 + b3)2
tr(K

Q
�
e,h

)2‖n0 ⊗ n0‖2

− 2
b2 − b1

b1 + b2

b3

(b1 + b3)
tr(K

Q
�
e,h

)〈sym(KT

Q
�
e,h

n0 ⊗ n0), n0 ⊗ n0〉

=
(b2 − b1)2

(b1 + b2)2

〈

sym(KT

Q
�
e,h

n0 ⊗ n0), sym(KT

Q
�
e,h

n0 ⊗ n0)
〉

+
b2
3

(b1 + b3)2
tr(K

Q
�
e,h

)2

− b2 − b1

b1 + b2

b3

(b1 + b3)
tr(K

Q
�
e,h

)〈KT

Q
�
e,h

n0 ⊗ n0, n0 ⊗ n0〉

− b2 − b1

b1 + b2

b3

(b1 + b3)
tr(K

Q
�
e,h

)〈n0 ⊗ n0 K
Q

�
e,h

, n0 ⊗ n0〉

=
(b2 − b1)2

4(b1 + b2)2
〈KT

Q
�
e,h

n0 ⊗ n0,KT

Q
�
e,h

n0 ⊗ n0〉 +
(b2 − b1)2

4(b1 + b2)2
〈KT

Q
�
e,h

n0 ⊗ n0, n0 ⊗ n0 K
Q

�
e,h

〉

+
(b2 − b1)2

4(b1 + b2)2
〈n0 ⊗ n0 K

Q
�
e,h

,KT

Q
�
e,h

n0 ⊗ n0〉 +
(b2 − b1)2

4(b1 + b2)2
〈n0 ⊗ n0 K

Q
�
e,h

, n0 ⊗ n0 K
Q

�
e,h

〉

+
b2
3

(b1 + b3)2
tr(K

Q
�
e,h

)2 =
(b2 − b1)2

2(b1 + b2)2
‖KT

Q
�
e,h

n0‖2 +
b2
3

(b1 + b3)2
tr(K

Q
�
e,h

)2. (4.33)

Note that
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〈KT

Q
�
e,h

, n0 ⊗ n0〉 = 〈KT

Q
�
e,h

, n0 ⊗ n0〉

= 〈
(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) |0
)

[(DxΘ)�(η3)]
−1, (0|0|n0)[(DxΘ)�(0)]−1〉

=

〈

(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) |0
)

, (0|0|n0)[(DxΘ)�(0)]−1[(DxΘ)�(0)]−T

⎛

⎝

12 − x3Ly0 0
0

0 0 1

⎞

⎠

−T
〉

=

〈

(0|0|n0)
T
(

axl(Q
�,T

e,h ∂η1Q
�

e,h) | axl(Q
�,T

e,h ∂η2Q
�

e,h) |0
)

,

⎛

⎝

I−1
y0 0

0
0 0 1

⎞

⎠

⎛

⎝

12 − x3Ly0 0
0

0 0 1

⎞

⎠

−T
〉

=

〈

⎛

⎝

0 0 0
0 0 0
∗ ∗ 0

⎞

⎠ ,

⎛

⎝

∗ ∗ 0
∗ ∗ 0
0 0 1

⎞

⎠

〉

= 0 , (4.34)

where the Weingarten map (or shape operator) is defined by Ly0 = I−1
y0

IIy0 ∈ R
2×2, where Iy0 :=

[Dy0]T Dy0 ∈ R
2×2 and IIy0 : = −[Dy0]T Dn0 ∈ R

2×2 are the matrix representations of the first fun-
damental form (metric) and the second fundamental form of the surface, respectively. We also observe
that

n0 ⊗ n0[(DxΘ)�(η3)]−T = (0|0|n0)[(DxΘ)�(0)]−1[(DxΘ)�(η3)]−T

= (0|0|n0)[(DxΘ)�(0)]−1[(DxΘ)�(0)]−T

⎛

⎝

12 − x3Ly0 0
0

0 0 1

⎞

⎠

−T

= (0|0|n0)

⎛

⎝

I−1
y0

0
0

0 0 1

⎞

⎠

⎛

⎝

12 − x3Ly0 0
0

0 0 1

⎞

⎠

−T

= (0|0|n0)

⎛

⎝

∗ ∗ 0
∗ ∗ 0
0 0 1

⎞

⎠ = (0|0|n0) .

(4.35)

For every vector û, v ∈ R
3 we have

〈û ⊗ n0, v ⊗ n0〉 = 〈(v ⊗ n0)
T û ⊗ n0,1〉 = 〈(n0 ⊗ v)û ⊗ n0,1〉 = 〈n0 ⊗ n0〈v, û〉,1〉 = 〈v, û〉 · 〈n0, n0〉

︸ ︷︷ ︸

=1

= 〈v, û〉 ,

and n0 ⊗ n0 = (0|0|n0)[(DxΘ)�(0)]−1, we deduce

〈KT

Q
�
e,h

n0 ⊗ n0,KT

Q
�
e,h

n0 ⊗ n0〉 = 〈KT

Q
�
e,h

n0,KT

Q
�
e,h

n0〉 = ‖KT

Q
�
e,h

n0‖2 . (4.36)

On the other hand,

2
〈

symK
Q

�
e,h

, sym(
b2 − b1

b1 + b2
KT

Q
�
e,h

n0 ⊗ n0 − b3

(b1 + b3)
tr(K

Q
�
e,h

)n0 ⊗ n0)
〉

=
b2 − b1

b1 + b2
‖KT

Q
�
e,h

n0‖2 . (4.37)

Therefore,

‖symKc∗

Q
�
e,h

‖2 = ‖symK
Q

�
e,h

‖2 +
(b1 − b2)2

2(b1 + b2)2
‖KT

Q
�
e,h

n0‖2 +
b2
3

(b1 + b3)2
tr(K

Q
�
e,h

)2 +
b2 − b1

b1 + b2
‖KT

Q
�
e,h

n0‖2 .

(4.38)

Now we continue the calculations for the skew-symmetric part,

‖skewKc∗

Q
�
e,h

‖2 =‖skewK
Q

�
e,h

‖2 + ‖skew((0|0|c∗)[(DxΘ)�(η3)]−1)‖2

+ 2〈skewK
Q

�
e,h

, skew((0|0|c∗)[(DxΘ)�(η3)]−1)〉. (4.39)
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In a similar manner, we calculate the terms separately. Since n0 ⊗ n0 is symmetric, we obtain

‖skew((0|0|c)[(DxΘ)�(η3)]−1)‖2 = ‖skew(
b2 − b1

b1 + b2
KT

Q
�
e,h

n0 ⊗ n0 − b3

(b1 + b3)
tr(K

Q
�
e,h

)n0 ⊗ n0)‖2

=
(b1 − b2)2

(b1 + b2)2
‖skew(KT

Q
�
e,h

n0 ⊗ n0)‖2. (4.40)

Using that (n0 ⊗ n0)2 = (n0 ⊗ n0) we deduce

‖skew(KT

Q
�
e,h

n0 ⊗ n0)‖2 =
1
4

〈

KT

Q
�
e,h

n0 ⊗ n0,KT

Q
�
e,h

n0 ⊗ n0

〉

− 1
4

〈

KT

Q
�
e,h

n0 ⊗ n0, n0 ⊗ n0 K
Q

�
e,h

〉

− 1
4

〈

n0 ⊗ n0 K
Q

�
e,h

,KT

Q
�
e,h

n0 ⊗ n0

〉

+
1
4

〈

n0 ⊗ n0 K
Q

�
e,h

, n0 ⊗ n0 K
Q

�
e,h

〉

=
1
2
‖KT

Q
�
e,h

n0‖2 . (4.41)

We have as well

2〈skewK
Q

�
e,h

, skew((0|0|c∗)[(DxΘ)�(η3)]−1)〉 = 2
(b2 − b1)
(b1 + b2)

〈

skewK
Q

�
e,h

, skew(KT

Q
�
e,h

n0 ⊗ n0)
〉

=
(b2 − b1)
2(b1 + b2)

〈K
Q

�
e,h

,KT

Q
�
e,h

n0 ⊗ n0〉 − (b2 − b1)
2(b1 + b2)

〈K
Q

�
e,h

, n0 ⊗ n0 K
Q

�
e,h

〉

− (b2 − b1)
2(b1 + b2)

〈KT

Q
�
e,h

,KT

Q
�
e,h

n0 ⊗ n0〉 +
(b2 − b1)
2(b1 + b2)

〈KT

Q
�
e,h

, n0 ⊗ n0 K
Q

�
e,h

〉 = − (b2 − b1)
(b1 + b2)

‖KT

Q
�
e,h

n0‖2 ,

(4.42)

and we obtain

‖skewKc∗

Q
�
e,h

‖2 = ‖skewK
Q

�
e,h

‖2 +
(b2 − b1)2

2(b1 + b2)2
‖KT

Q
�
e,h

n0‖2 − (b2 − b1)
(b1 + b2)

‖KT

Q
�
e,h

n0‖2. (4.43)

Finally, the trace term is computed. A further needed calculation is
[

tr(Kc∗

Q
�
e,h

)
]2

=
(

tr(K
Q

�
e,h

) + tr
(

(0|0|c)[(DxΘ)�(η3)]−1)
)

)2

=
(

tr(K
Q

�
e,h

) +
(b2 − b1)
2(b1 + b2)

〈KT

Q
�
e,h

n0 ⊗ n0,13〉 − b3

(b1 + b3)
tr(K

Q
�
e,h

) 〈n0 ⊗ n0,13〉
︸ ︷︷ ︸

〈n0,n0〉=1

)2

=
b2
1

(b1 + b3)2
tr(K

Q
�
e,h

)2. (4.44)

Now we insert the above calculations in ˜Wcurv(KQ
�
e,h

+ (0|0|c∗)[(DxΘ)�(η3)]−1) and obtain

W hom
curv = μL2

c

(

b1(‖symK
Q

�
e,h

‖2 +
(b1 − b2)2

2(b1 + b2)2
‖KT

Q
�
e,h

n0‖2 +
b2
3

(b1 + b3)2
tr(K

Q
�
e,h

)2 +
b2 − b1

b1 + b2
‖KT

Q
�
e,h

n0‖2)

+ b2(‖skewK
Q

�
e,h

‖2 +
(b2 − b1)2

2(b1 − b2)2
‖KT

Q
�
e,h

n0‖2 − b2 − b1

b1 + b2
‖KT

Q
�
e,h

n0‖2)

+ b3
b2
1

(b1 + b3)2
tr(K

Q
�
e,h

)2
)

, (4.45)

which reduces to

W hom
curv (K

Q
�
e,h

) = μL2
c

(

b1‖symK
Q

�
e,h

‖2 + b2‖skewK
Q

�
e,h

‖2 − (b1 − b2)2

2(b1 + b2)
‖KT

Q
�
e,h

n0‖2 +
b1b3

(b1 + b3)
tr(K

Q
�
e,h

)2
)

.

(4.46)
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One may apply the orthogonal decomposition of a matrix X

X = X‖ + X⊥, X‖ := Ay0 X, X⊥ := (13 − Ay0)X, (4.47)

for the matrix K
Q

�
e,h

, where Ay0 = (Dy0|0)[DxΘ(0)]−1. After inserting the decomposition in the ho-
mogenised curvature energy, we get

W hom
curv (K

Q
�
e,h

) = μL2
c

(

b1‖symK
Q

�
e,h

‖2 + b2‖skewK
Q

�
e,h

‖2 − (b1 − b2)2

2(b1 + b2)
‖KT

Q
�
e,h

n0‖2 +
b1b3

(b1 + b3)
tr(K

Q
�
e,h

)2
)

= μL2
c

(

b1‖symK‖
Q

�
e,h

‖2 + b2‖skewK‖
Q

�
e,h

‖2 − (b1 − b2)2

2(b1 + b2)
‖KT

Q
�
e,h

n0‖2

+
b1b3

(b1 + b3)
tr(K‖

Q
�
e,h

)2 +
b1 + b2

2
‖KT

Q
�
e,h

n0‖
)

= μL2
c

(

b1‖symK‖
Q

�
e,h

‖2 + b2‖skewK‖
Q

�
e,h

‖2 +
b1b3

(b1 + b3)
tr(K‖

Q
�
e,h

)2 +
2b1b2

b1 + b2
‖K⊥

Q
�
e,h

‖
)

.

(4.48)

�

As regards the homogenised curvature energy for the following curvature energy given by the optimi-
sation problem O4, some simplified calculations as for the optimisation problem O3 lead us to

Corollary 4.3. The solution of the optimisation problem O3 given in (4.10) is given by

c∗ =
(b2 − b1)
b1 + b2

KT
Qe,0

n0 − 2b3

2(b1 + b3)
tr(KQe,0

)n0 (4.49)

and the corresponding homogenised curvature energy is

W hom
curv (KQe,0

) = μL2
c

(

b1‖symK‖
Qe,0

‖2 + b2‖skewK‖
Qe,0

‖2 +
b1b3

(b1 + b3)
tr(K‖

Qe,0
)2 +

2b1b2

b1 + b2
‖K⊥

Qe,0
‖
)

.

(4.50)

where K‖
Qe,0

and K⊥
Qe,0

represent the orthogonal decomposition of the fully reduced elastic shell bending
curvature tensor KQe,0

in the tangential plane and in the normal direction, respectively.

4.2. Γ-convergence result for the curved shell model

Together with the calculations provided in [40], we obtain for the first time in the literature the explicit
form of the Cosserat shell model via Γ-convergence method given by the following theorem.

Theorem 4.4. Assume that the initial configuration of the curved shell is defined by a continuous injective
mapping y0 : ω ⊂ R

2 → R
3 which admits an extension to ω into C2(ω;R3) such that for

Θ(x1, x2, x3) = y0(x1, x2) + x3 n0(x1, x2)

we have det[DxΘ(0)] ≥ a0 > 0 on ω, where a0 is a constant, and assume that the boundary data satisfy
the conditions

ϕ�
d = ϕd

∣

∣

Γ1
(in the sense of traces) for ϕd ∈ H1(Ω1;R3). (4.51)

Let the constitutive parameters satisfy

μ > 0, κ > 0, μc > 0, a1 > 0, a2 > 0, a3 > 0 . (4.52)
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Then, for any sequence (ϕ�
hj

, Q
�

e,hj
) ∈ X such that (ϕ�

hj
, Q

�

e,hj
) → (ϕ0, Qe,0) as hj → 0, the sequence

of functionals Jhj
: X → R from (4.7) Γ-converges to the limit energy functional J0 : X → R defined by

J0(m,Qe,0) =

⎧

⎪

⎨

⎪

⎩

∫

ω

[W hom
mp (Em,Qe,0

) + ˜W hom
curv (KQe,0

)] det(Dy0|n0) dω if (m,Qe,0) ∈ S ′
ω,

+∞ else in X,

(4.53)

where

m(x1, x2) := ϕ0(x1, x2) = lim
hj→0

ϕ�
hj

(x1, x2,
1
hj

x3), Qe,0(x1, x2) = lim
hj→0

Q
�

e,hj
(x1, x2,

1
hj

x3),

Em,Qe,0
= (Q

T

e,0Dm − Dy0|0)[DxΘ(0)]−1,

KQe,0
=

(

axl(Q
T

e,0 ∂x1Qe,0) | axl(Q
T

e,0 ∂x2Qe,0) |0
)

[DxΘ(0) ]−1 �∈ Sym(3) , (4.54)

and

W hom
mp (Em,Qe,0

) = μ ‖sym E‖
m,Qe,0

‖2 + μc ‖skew E‖
m,Qe,0

‖2 +
λ μ

λ + 2 μ

[

tr(E‖
m,Qe,0

)
]2

+
2 μ μc

μc + μ
‖ET

m,Qe,0
n0‖2

= Wshell

(E‖
m,Qe,0

)

+
2 μ μc

μc + μ
‖E⊥

m,Qe,0
‖2,

˜W hom
curv (KQe,0

) = inf
A∈so(3)

˜Wcurv

(

axl(Q
T

e,0 ∂η1Qe,0) | axl(Q
T

e,0 ∂η2Qe,0) | axl(A)
)

[(DxΘ)�(0)]−1

= μL2
c

(

b1‖symK‖
Qe,0

‖2 + b2‖skewK‖
Qe,0

‖2 +
b1b3

(b1 + b3)
tr(K‖

Qe,0
)2 +

2 b1b2
b1 + b2

‖K⊥
Qe,0

‖
)

. (4.55)

Proof. The proof is completely similar to the proof provided in [40], where only some implicit properties
of the homogenised curvature energy were used and not its explicit form. �

5. Conclusion

The present paper gives the explicit calculation of the homogenised curvature energy. This explicit form
was not directly necessary in order to prove the previous Γ-convergence result, some qualitative properties
of ˜W hom,�

curv (K
Q

�
e,h

) and ˜W hom
curv (KQe,0

) being enough in the proof of the Γ-convergence result. However, the
final Γ-convergence model has to be written in a explicit form, all the explicit calculations being provided
in this paper.

A comparison between (3.23) and (5.2) shows that the homogenised flat curvature energy can thus be
obtained from the curved one, and that Theorem 3.2 may be seen as a corollary of Theorem 4.4. Indeed,
let us assume that in the homogenised energy which we obtained in (4.48) we have DΘ = 13,Dy0 = 1

and n0 = [DxΘ(0)]e3 = e3, which corresponds to the flat shell case. Then Qe,0 = R0, KQe,0
= Kplate

R0
and

KQe,0
=

⎛

⎝

⎛

⎝

Γ� 0
0

Γ31 Γ32 0

⎞

⎠

⎞

⎠ [(DxΘ)�]−1 = Kplate

R0
, with Γ� =

(

Γ11 Γ12

Γ21 Γ22

)

(5.1)

and we have

W hom
curv (Γ) = μL2

c

(

b1‖symΓ�‖2 + b2‖skewΓ�‖2 +
b1b3

(b1 + b3)
tr(Γ�)2 +

2b1b2

b1 + b2

∥

∥

∥

∥

(

Γ31

Γ32

)∥

∥

∥

∥

2
)

, (5.2)

and we rediscover the homogenised curvature energy for an initial flat configuration from Theorem 3.2.
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In conclusion, the present paper completes the calculations of the membrane-like model constructed
via Γ-convergence for flat and curved initial configuration of the shell given for the first time in literature
the explicit form of the Γ-limit for both situations.

In [5], by using a method which extends the reduction procedure from classical elasticity to the case of
Cosserat shells, B̂ırsan has obtained a Cosserat shell by considering a general ansatz. For the particular
case of a quadratic ansatz for the deformation map and skipping higher-order terms, the membrane term
of order O(h) from the Birsan’s model [5] coincides with the homogenised membrane energy determined

by us in [40], i.e. in both models the harmonic mean
2μ μc

μ + μc
of μ and μc is present. We note that in the

model constructed in [20] the algebraic mean of μ and μc substitutes the role of the harmonic mean from
the model given in [5] and by the Γ-convergence model in [40].

However, a comparison between the curvature energy obtained in the current paper as part of the
Γ-limit and the curvature energy obtained using other methods [5,20] shows that the weight of the energy
term ‖K⊥

e,s‖2 is different as follows

• Derivation approach [20] as well as in the model given in [5]: the algebraic mean of b1 and b2, i.e.
b1 + b2

2
;

• Γ-convergence: the harmonic mean of b1 and b2, i.e.
2 b1b2

b1 + b2
.

From mathematical point of view, different weights do not produce differences. These differences were
discussed in the numerical analysis given in [30,41].
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